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Question 1 [14 marks total] 


(a) Let X = {1,3,5,42}, Y = {0,1,5,7,12}, and Z = {4,7}. Use the basic set 
operations to find the following: [8 marks] 
eRe cae a 
(it), ey, 
(iii) (XNY)UYNZ), 
(iv) P(Z), the power set of Z. 
(b) Let A, B and C be arbitrary sets contained in some universal set U. Use set 
identities (attached) to prove: (please number each identity used) /6 marks] 
(i) (AUB) -(C— A) = (AUB)N(C'UA), 
(ii) (AUB)-(C-—A)=AU(B-C). 


Question 2 [16 marks total] 


(a) Let f : R—-R be given by [5 marks] 
5at — Qa? + 
f(z) ~~ 3 aa 4x? 
Show that f(x) = O(2). 
(b) Prove by mathematical induction that [6 marks] 
log,(n) <n, 


for all integers n > 1. Use the fact that log, is a strictly increasing function: 
log,(x) < log,(y) for 0 < « < y. Also use: k + 1 < 2k when k > 1. 


(c) Use the result in part (b) to prove [5 marks] 


16n? + nlog,(n) = O(n’). 


Question 3 [6 marks total] 


Use the Quick Sort algorithm (attached) to sort the following list of numbers, small- 
est number first. Use the first element as a pivot. Underline the pivot elements in 
each list, and use an asterisk to mark those elements that are in their final positions. 
How many comparisons are needed? 


Ay 99 753 
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Question 4 [17 marks total] 


(a) Consider the following statement: “If Alice studied for this exam, then Alice 
will pass the class”. Write (1) the converse, (2) the inverse, and (3) the 
contrapositive of this statement. [3 marks] 


(b) Use truth tables to determine whether the following argument form is valid: 
Dd, ~D, ..~ |. 
[4 marks] 


(c) Use the rules of inference (attached) to deduce the conclusion from the as- 
sumptions in the argument form given by 


~proriv~s, tos, u>rnp, ~w, uVw, ort. 
Be sure to give justification for each step. [7 marks] 
(d) Write the negation of the universal statement given by 
Vm € Z*, m? £m, 


where Z* is the set of positive integers. Is this negated statement true or 
false? Why? [3 marks] 


Question 5 [13 marks total] 
Let G be the graph given below 


vil 


V2 
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(a) Write down the adjacency matrix of G. [3 marks] 
(b) How many walks of lengths 1, 2, and 3 are there from vl to vl? —/3 marks] 
(c) How many walks of length 3 are there from v2 to v3? [3 marks] 
(d) Does G have an Eulerian circuit? Give reasoning? [2 marks] 
(e) Is G a tree? Give reasoning? [2 marks] 


Question 6 [10 marks total] 


(a) Express forty-two in bases two and eight. [4 marks] 
(b) Compute ADD + B8 in base sixteen. [3 marks] 
(c) Compute 11100111 + 10101010 in binary. [3 marks] 


Question 7 [12 marks total 
Let R be the binary relation on R x R, defined by 


R={(2,y) €RxR: [2] =lyJ}, 


where |-| is the floor function. 


(a) Explain why (4.1, 4.8), (0.5,0.9) and (—2.5, —3) are all elements of R. 


[2 marks] 
(b) Is R reflexive? Give reasons. [2 marks] 
(c) Is R symmetric? Give reasons. [2 marks] 
(d) Is R transitive? Give reasons. [2 marks] 
(e) Is R an equivalence relation? Give reasons. [2 marks] 
(f) Is R a partial order relation? Give reasons. [2 marks] 


Question 8 [11 marks total] 


(a) Let + and - denote addition and multiplication, respectively, and define ' by 
z’ =1-—d2, forallz eR. 


Is (R,+,-,’,0,1) a Boolean algebra? If so, show that properties Bl — B5 
(attached) hold. If not, which of these properties fail to hold, and why? 
[5 marks] 
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(b) Represent the Boolean expression (a + b)-c- (d+ e) as a switching system. 


[3 marks] 
(c) Represent the Boolean expression (a + b)-c- (d+) as a binary tree. 
[3 marks] 
Question 9 [17 marks total] 
Let a; = 2 and ag = 8, and consider the following recurrence relation: 
On42 — 44n41 + 3a, = 0, me, 
(a) Find a3 and ay. [2 marks] 
(b) Solve the recurrence relation; that is, give an expression for a, in terms of n. 
[6 marks] 
(c) Find a particular solution to the recurrence relation, 
An+2 — 40n41 + 3an = 2”, neN. 
[3 marks] 


End of examination questions. Useful information is provided in the following pages. 


Set Identities 


Let A, B,C be subsets of a universal set, U. Then 


Sl. 


52. 


S3. 


94. 


S5. 


S6. 


S7. 
S8. 


59. 


S10. 


Some Properties of the Logarithm 


log,(2 
logs(y" 


AUB 
ANB 
(AU B)UC 
(AN B)NC 
AU(BNC) 
AN(BUC) 
AUo 
ANU 
AUA' 
ANA’ 
(AU B)! 
(An BY 
(A’)’ 
AU(ANB) 
AN(AUB) 
ANA 
AUA 
A-B 


B 
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AU(BUC) 
AN(BNC) 
(AU B)N (AUC) 
(AN B)U(ANC) 


A 
A 
U 


— 


A’ B' 
A'UB' 


>Re eB 


UA 
NA 


NB’ 


The Quicksort Algorithm 
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commutativity 
associativity 
distributivity 
identity 
complementation 
De Morgan’s laws 


double complementation 
absorption 


idempotent laws 


set difference representation 


The quicksort algorithm has two phases, the partition phase and the sort phase. 
Use the first element in the list as the pivot element. Now arrange this list so that 
every element smaller than the pivot precedes it, and every element larger than the 
pivot follows it (sort phase). The pivot element is now in its correct final position, 
and forms the partition between 2 smaller lists. Now choose the first element in 
each of the two smaller lists to form the new pivots (partition phase). Repeat the 
procedure with the 2 smaller lists, and then repeat the procedure recursively with 
smaller and smaller lists until the sorting is complete. 
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Rules of Inference 


D2 Gs Prise Ge modus ponens 

BGM ep: modus tollens 

Dp, .. pV gq. generalization 

Dy Gj. FOP IG: conjunction 

DING) are DP: specialization 

pVqd,~q, .. PD. elimination 

Peed 2 Ty PS transitivity 

pVq, p>T, 7, “. Tr. division into cases 

~ p — contradiction, .. p. rule of contradiction 
pg .~qgr~ p. contrapositive equivalence 


Definition of a Boolean Algebra 


A Boolean algebra, (S,+,-,’,0,1), is a set equipped with two binary operations, + 
and -, and one unary operation, ’, with two distinct elements, 0 and 1, such that 
the following properties hold for all a,b,c € S: 


Bl. a+b = b+a commutativity 
a:b = b-a 

B2. (a+b)+e = a+(b+c) associativity 

(a-b)-c = a-(b-c) 
B3. a+(b-c) = (a+b)-(atc) distributivity 
a-(b+c) = (a-b)+(a-c) 

B4 a+0 = a identity 
Gal = 3g 

B5. ata = 1 complementation 
a-ad = 0 


Please remember - This examination question paper MUST BE HANDED IN. 
Failure to do so may result in the cancellation of all marks for this examination. 
Writing your name and number on the front will help us confirm that your paper 
has been returned. 


